y = distance  coordinate L
normal to surface

Greek Letters

o = angle of separation of
forward flow

B = coefficient of cubical 4
expansion

3 == boundary layer thick- L
ness

7 = dimensionless concen-

tration gradient de-
fined in text

€ = angle between nor-
mal to surface and
the vertical

0 = angle from forward

stagnation point
ML

ps = solid density

p = fluid density ML=

Ap = density difference ML™*
across boundary layer

o = standard deviation

v = kinematic viscosity = L°T™

Dimensions

L = length

M = mass

T = time

0 = temperature

Dimensionless Groups

Ne, = (gd'BAT)/(¥') = Grashof
number for heat transfer

Ne, = (gd’sp)/(v’p) = Grashof
number for mass transfer

N», = »/k = Prandtl number -

Nz = (gd'sp)/(’p) »/D = Ray-
leigh number

Nz = Reynolds number based on
average duct velocity

N’z = Reynolds number based on

approach velocity

Nz.* = equivalent Reynolds number
defined in text

Nrewwms = free convective Reynolds
number defined in text

Ns. = »/D = Schmidt number

No = Kid/D = Sherwood number

Superscribed bars indicate over-all
values.
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A Theoretical Analysis of Laminar Natural
Convection Heat Transfer to
Non-Newtonian Fluids

An equation is given for the local Nusselt number in laminar convection heat transfer to

power-law non-Newtonian fluids. This expression, which even for Newtonian fluids (n =

1) does

not appear to have been derived before, is obtained from the exact asymptotic solution of the
appropriate laminar boundary layer equations and is applicable to any two-dimensional surface
or a surface of revolution about an axis of symmetry when, as is usually the case, Np, > 10.

The increasing emergence of non-
Newtonian fluids, such as molten plas-
tics, pulps, emulsions, etc. as important
raw materials and products in a large
variety of industrial processes, has
stimulated a considerable amount of
interest in the behavior of such fluids

It is interesting to note that Equations (27)

and (38) can readily be integrated over the sur-
face to yield the average Nusselt number N;—-.
£ 3

Thus from Equation (36)
o
N— ridyr =
Nu ’y
2n+1

1 n

8n + 1 \®n+1
- ¢ (0) Nar3(v+D Npin+1
9n + 1

1 an+1 1
m2n+1 (sine)”"*’- dx1

o

2n+1
sn+1
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when in motion. In particular what has
been studied most intensely for obvious
practical reasons is how momentum
and heat are transferred to a moving
non-Newtonian fluid under the more
common flow configurations usually
met in practice. It is understandable
therefore that some of the simpler
problems of classical hydrodynamics,
such as pressure drop and heat transfer
in pipes and channels, flow between
rotating concentric cylinders, etc., have
been reinvestigated by the use of many
types of non-Newtonian fluids. The re-
sults of these studies are to be found
in the review article by Metzner (9)
and in some recent publications on this
subject (3, 4, 10).

A.1.Ch.E. Journal

ANDREAS ACRIVOS

University of California, Berkeley, California

In keeping with this general trend
Acrjvos, Petersen, and Shah (I) have
recently presented a theoretical analy-
sis of forced convection momentum
and heat transfer in laminar boundary-
layer flows of non-Newtonian fluids
past external surfaces. As is well
known, laminar boundary-layer theory,
in which the viscous terms of the
equations of motion are retained only
in a very thin region near the surface,
has made possible the study of a
rather general and important class of
fluid mechanical systems. It appeared
worthwhile therefore to extend the
boundary-layer theory to non-New-
tonian fluids in order to investigate
even further their properties under
flow conditions.

The present analysis may be con-
sidered as a direct continuation of the
work reported earlier (1). Its purpose
is to study theoretically the problem of
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natural convection heat transfer to non-
Newtonian fluids and to show how the
well-established expressions for the rate
of heat transfer to Newtonian fluids
may be generalized to include the non-
Newtonian effects. Again the laminar
boundary-layer equations will be ex-
tended to and solved for the power-law
non-Newtonian fluids, and the analysis
will apply to the flow past arbitrary
two-dimensional surfaces or to surfaces
of revolution about an axis of sym-
metry.

LAMINAR BOUNDARY-LAYER
EQUATIONS FOR POWER-LAW FLUIDS

The term “non-Newtonian fluid” is
one of very great generality and in-
cludes all fluids for which the equa-
tions of classical hydrodynamics do not
apply. As a consequence a chief diffi-
culty in any theoretical analysis of the
motion of such fluids has always been
the lack of any generally acceptable
equation of state between the stress
tensor and the state of flow of the sys-
tem. It is fortunate however that in a
rather sizeable class of non-Newtonian
fluids the stress-strain-velocity relations
do not involve time derivatives of the
stress- or the strain-velocity compo-
nents and may therefore be represented
under isotropic conditions by Reiner’s
(16) or Rivlin’s (17) invariant expres-
sions. It was explained in the earlier
paper (1) furthermore that for one-
dimensional or boundary-layer types of
flow these fluids may often be charac-
terized with satisfactory accuracy by
the empirical power-law

du

o1 au
9y

%y

r=K

(1)

where K and n are empirical constants
characteristic of the fluid, and + and
du/dy are the only components of the
stress tensor and the deformation ten-
sor which need to be considered under
such flow conditions. Thus, although
strictly speaking Equation (1) should
be replaced by the more general form
of the power law which has been pro-
posed by Mooney and Black (11) and
others, it can be shown rigorously that
for boundary-layer flows under either
forced or free convection the term
du/dy is so much larger than all the
other elements in the deformation ten-
sor that the one-dimensional power law
shown above is in general quite ade-
quate. The present analysis will there-
fore be restricted to those systems
which satisfy Equation (1).

Consider now the flow past the arbi-
trary two-dimensional isothermal sur-
face of temperature T, shown in Fig-
ure 1. The laminar boundary-layer
equations for the natural convection of
Newtonian fluids may be found in the
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standard references (6, 7, 18), and
their extension to non-Newtonian fluids
can easily be derived from the analo-
gous forced convection analysis al-
ready reported (I). Thus if for sim-
plicity constant properties are postu-
lated, except of course for the density
in the buoyancy term, and if, as is
usually permissible to a first approxi-
mation, the frictional dissipation term
in the energy -equation is neglected,
one can show that

u bu 4+ bu (T, —T.)é
- = F R L] m
dx ay gp s e
K o [ ou au""l]
p dyLdy | dy
(2)
ou  dv
2 3
ax + dy (8)
k 2
Ho ke
ax dy  pc, dy

where the symbols have the usual
meaning (see Figure 1). 8 is defined
by

.%=1+mr—n) (5)

The boundary conditions are
Aty=0,u=0,v=0,0=1

Aty = 0o and at x = 0, u = 0

and § = 0*
(6)

One rather important characteristic
of the power law must be brought out
at this point. It should be firmly real-
ized that, as has been repeatedly veri-
fied by experiments (2, 8), all fluids
with time-independent stress properties
approach Newtonian behavior when all

_the components of the deformation

tensor become small. Thus for some
fluids Equation (1) does not become
valid until du/dy is larger than 100
sec.”, whereas for other systems the
power law is found to hold for a rate
of strain as low as 107 sec.™ or even
lower (12). In particular, since in
natural convection the velocity gradi-
ents usually encountered are of the
order of magnitude of 0.1-1.0 sec™,
one must keep in mind that for the
purposes of the present analysis a fluid
should be considered non-Newtonian
only if du/dy at the surface has a

®* The proper boundary condition for # at the
leading edge (x = 0) has to be stated with
some care, for it is intimately tied up with the
normal velocity v at x - 0. Thus ic at the lead-
ing edge v - o for all y, then clearly 4 = O,
since the flnid in this region is continually re-
newed with fresh material from the bulk at a

very high rate. Conversely if v - for all y
and x - 0, then the boundary condition is

=1, since the region near the leading edge
consists essentially of stagnant fluid. Incidentally
the same difficulty arises when the proper
boundary condition for forced convection heat
transfer is specified as well,

A.L.Ch.E. Journal
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FORCE OF GRAVITY

Fig. 1. The position directions of the coardi-
nates x and y, the velocity components u
and v, and the angle .

numerical value which is within the
region of applicability of the power
law by at least an order of magnitude.
This would then insure a non-New-
tonian behavior on the part of the fluid
within the main part of the boundary
layer. Otherwise many systems which
would normally obey the power law in
forced convection might very well be-
have as Newtonians in natural convec-
tion flows.

It is possible to show now, by a
straightforward analysis of the basic
Equations (2) to (4), that the familiar
definitions for the Grashof and the
Prandtl number, which play such a
fundamental role in natural convection
phenomena, may be generalized to
power law non-Newtonian fluids so
that

_ PR — T T

NGr K2
(7)
and
po, [ KNTF T
(5
» X\ (L)
3(n -1
[LBg(T,— T.)]***™ (8)
However these relations, which of

course reduce to the usual expressions
for Newtonian fluids when n = 1, may
also be derived by the following rather
interesting argument. It has already
been shown (1) that in forced convec-
tion to power-law fluids the generalized
Reynolds and Prandtl numbers are,
respectively

p Uoz—n L

NRe = K (9)
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and

¢ pLU, *
2

NPr = (10)

kN,

For free convection the characteristic
velocity is always related to the buoy-
ancy forces by means of

U= VIgh(T.—T.) (11)

and if therefore this expression for U,
is substituted in the Reynolds and
Prandtl numbers defined above, Equa-
tions (7) and (9) become

Nz, = /N, (12)

while Equations (8) and (10) are seen
to be identical. It follows then that
since Equations (11) and (12) are
perfectly general, as can be readily
shown from the basic equation of mo-
tion, Equation (2); and since Equa-
tions (9) and (10) have already been
established for forced convection, the
definition of the Grashof and Prandtl
numbers given respectively by Equa-
tions (7) and (8) follows as a logical
consequence.

Having thus defined the characteris-
tic velocity for the process, Equation
(11), and the generalized groups N,
and N,,, one is now in a position to
simplify the boundary-layer equations
by a transformation in the position co-
ordinates and the velocity components.
Let the new variables be

x u

XH=— Uh=-—————m

L \/LgB(Tc - Tm)
2(n +1)
yl = _Iy‘: N ar Py

R .
v 2n +1)

= ———————WN,
VLgB(T. ~ T.)

0y

(13)

The boundary-layer equations then be-
come

du, ou, .
Uh— + v,— =Ffsine
ax, 6y1
0 [ ou, | ou, (™ ]
dy, L 3y, | oy,
(14)
ou, o0,
—t—=0 15
9%, + Yy, (15)
1 &
w2, LT e
9%, ay1 NPr ay12

with the boundary conditions
Aty, =0, u, =0, 0,=0,0=1
At y, =

® The author’s definition of Npr differs from
that used by Metzner (10). The two expressions
are related by

1-n
Npr (Metzner) = Npr (Nre) 140,
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o and atx;, = 0, u, = 0,

(7)

It will be shown in the next section
how this system of equations may be
solved for any surface geometry, that
is when sin e is an arbitrary function
of x,.

THE SOLUTION OF THE
TRANSFORMED BOUNDARY-LAYER
EQUATIONS

One first attempts to solve Equa-
tions (14) to (17) by means of a
similarity transformation which is in
keeping with a well-established tradi-
tion in boundary-layer theory (6, 18).
It is known for example (7, 18) that
for Newtonian fluids (n = 1) such a
similarity transformation on the free
convection equations may be per-
formed if the surface geometry is of
the form sin € = a x,™ where @ and m
are arbitrary constants such that ¢ >
Oand m = 0.*

If n 5 1 however, Equations (14)
to (17) cannot be reduced in this
manner unless sin ¢ = ax,™*, which
obviously is unacceptable. It would ap-
pear therefore that the mathematical
solution of the free convection problem
to non-Newtonian fluids would be an
almost impossible task to carry through,
especially since it is quite clear that
the basic partial differential equations
are indeed highly complex in structure
and cannot be solved, even numeri-
cally, except with a great deal of diffi-
culty.

It turns out fortunately that the
equations can be simplified still fur-
ther, since for essentially all non-New-
tonian fluids of interest the generalized
Prandtl number N, is much larger
than unity. This allows us to investi-
gate the solution of Equations (14) to
(17), under the asymptotic condition
Nz, => o, by an extension of the
method used by Morgan and Warner
(13) to solve analogous heat transfer
problems in laminar boundary-layer
flows to Newtonian systems. The ap-
propriate transformations in the veloc-
ity components and the position co-
ordinates are as follows. Let

n 1 n
n+1 y 2n+ 1) o+
Y = ) Noo = — Ng, Ne,
L
n+1
U, =y, Np,”***
n+1
u el

= N},
VLgB(T, —T.)

® In accordance with Merk and Prins TRefer-
ence 7, Equation (16)1 a similarity solution is
possible if sin ¢ = a (x1 +b)m, where b is
another constant. This appears incorrect, however,
since the solution proposed by Merk and Prins
Equations (17) and (18)] does not satisfy the
bmlmdaiy conditions at the leading edge (x: = 0)
unless b = 0.
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mael
s+l v
U, = U1 Np, = —
VLgB(T,—T.)
3 m+3

NG 20+ 1) NP 3n +1
r r

(18)

which when substituted into the modi-
fled boundary-layer Equations (14),
(15), and (16) reduces them to

d [ 0 |du, "“]
dy. L dy. | oy.
. 1
+ 0 SIn € = 2n + D
N>
du., d
Uy —— + vz—uf -0
0%, ayl
as Np.~> ©
(19)
ou, av,
—_—t—= 20
ox, T Y, (20)
6 04 a0
i (21)
Yy, ox; aYy,

The boundary conditions are the same
as those given by Equation (17) ex-
cept for one of the conditions at y. =
0, which now reads du,/oy. = 0
rather than u, = 0. Therefore exactly
as is the case with free convection to
Newtonian fluids the inertia terms [the
right-hand side of Equation (19)] be-
come asymptotically unimportant as
Ny, = o inside the thermal boundary
layer and, as pointed out by Stewart-
son and Jones (10) for the analogous
Newtonian heat transfer problem from
a vertical flat plate, there are two dis-
tinct regions of flow when N, > c0:

(1) The region inside the thermal
boundary layer, which is described by
the above equations with the inertia
term in the equation of motion set
equal to zero.

(a) The region outside the thermal
boundary layer, where both # and
therefore the buoyancy force, but not
the inertia terms, vanish. However
since in all convection problems one is
concerned only with the rate of heat
transfer at the surface, which may be
obtained from the solution of the equa-
tions in the thermal boundary layer,
the velocity distribution outside this
region is usually of no interest, and,
as a consequence, need not be ana-
lyzed any further.

It is possible then to obtain the vel-
ocity and temperature distributions in-
side the thermal boundary layer by
solving Equations (19), (20), and
(21). Surprisingly enough this can be
accomplished readily by a similarity

transformation which even for n = 1
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0.7,
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-81(0) -
/
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n

Fig. 2. The dependence of — ¢’ (0) on the
non-Newtonian parameter n.

(Newtonian fluids) does not appear to
have been given before. Thus if § =
8(n) and

an 41

3n+1( 1 Yaﬁ
2n 4 1\ sine

1 nin+ D

| )
(22)

u, = (sin e)%[

which includes most non-Newtonian
fluids of interest. In particular, for the
special case n = 1, (0) = 0.5404
and f’(0) = 1.08.

In view then of Equations (13),
(18), (23), and (27) the local Nus-
selt, which for heat transfer is defined
as is customary by

o9
Nyw=—1L ("—')
y=0

9y
is given by
. n 1
2n+ 1 \en+1 2m+D
Ny. = —¢(0) ( ) Ne.
3n + 1
N, : (sin e)1
[ J' (ﬁne)m+ldal]5“7
(27)

asymptotically as Ne, = o and N,
- 0, where the value of ¢(0), ap-
proximately equal to — 0.54, may be
read off Figure 2 as a function of n. It

n+1

nE2n + 1) £ 2n +1 n+1
[Sn t1 ( ! ) f (sin €) dxl]
2n+ 1\ sine o

one can show after making careful use
of the fact that f"(0) = 0 inside the
thermal boundary layer that

d
—(f)"+6=0 (24)
dn

and
0+ 6 =0

with the boundary conditions
6(0) =1, 8() =0, f(0) =0,
f(0) =0, f'(0) =0

(25)

The two parameters of particular in-
terest, f'(0) and ¢'(0), can finally be
calculated without difficulty by the fol-
lowing simple scheme. Thus it is ap-
parent from Equations (24) and (25)
that formally

__(d(}) _ 1
d 71:0— ® - "fd'll
" j:e‘fo dn

a1 S an
d_’f n:o—f”e‘f:rdn dy

and

(26)

which can be computed quite readily
bv substituting the power series of f
about » = 0 and then evaluating the
resulting integrals numerically. It is in-
deed rather surprising that, as can be
seen from Figures 2 and 3, #°(0) and
[f(0)1" are quite insensitive to the
value of n in the range 0 < n = 3/2
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i . (23)

1

follows that the average Nusselt num-
ber Ny, is given by

Now = C No. 20 N, #*% (27a)

where the constant C can readily be
calculated by integrating Equation
(27) over the surface and would in
general be expected to be a function
not only of the surface geometry but
also of n. It will be recognized right
away that this final expression, Equa-
tion (27a), is the generalization to
power law non-Newtonian fluids of the
rather well-known correlation Ny, =
C(N¢.Np.)'* for Newtonian sub-
stances which has been repeatedly
verified by experiments (5, 7, 20) and
which, as demonstrated rigorously by
Morgan and Warner (13), may be de-
duced from the laminar boundary-layer
equations provided that N, >> 1.
Equation (27) provides one with a
closed-form expression for the local
rate of heat transfer, in natural con-
vection, from arbitrary two-dimensional

£

1.2 /
1.1 ~J
[f“(oﬂ"] \

1.0

[ 3
¢ /2 In/z 2

03

Fig. 3. The dependence of [f” (0)]1" on the
non-Newtonian parameter n.
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surfaces to non-Newtonian fluids of the
power law type. This solution is of
course limited to those physical prob-
lems for which the simplifications in-
troduced in the theory are realistic.
This section is therefore concluded by
a critical discussion of the main as-
sumptions, listed below, which were
used in the development.

(1) The laminar boundary-layer
equation must be applicable. It is well
known from boundary-layer theory that
the boundary-layer equations are ap-
plicable only when the transfer of
momentum and energy occurs in a very
thin region near the surface. Let 8; be
the thickness of the thermal boundary
layer which in view of Equations (13),
(18), (22), and (23) is

1
ﬁ =0 _r
L N(}r2(ﬂ+1) Np,8n+1

It follows, from a straightforward anal-
ysis of the basic equations, that the
boundary-layer equations are valid if
8,°/L* << 1, which incidentally is also
the condition that allows the substitu-
tion of Equation (1) for the more
general formulation of the power law
given by Mooney and Black (11I).
From the expression for 8; however
this is equivalent to

2n

1
Ng,n+1 Npr3n+1 >> 11# (28)
which, as can be seen from the follow-
ing typical numerical example, is usu-
ally the case.
Consider the transfer in natural con-
vection to a 0.83% solution of ammo-
nium alginate in water, the properties

of which are (8):

n = 0.78 ¢, = 1.0 B.t.u./lbm. °F.
K = 0.06 lbm. sec.”*/ft.

k = 0.37 B.tu./ft. °F. hr.

p = 60 lbm./cu. ft.

letT, — T, = 10°F., L = 1 ft., and
B = 13 X 10* (°F.)7 In view of
Equations (7), (8), and (11)

U, = 0.21 ft./sec.
Ng- =2 X 10
Np,- = 440

and
2n

—1 _—
NGr(" +1 Npran +1 o 4,600

which illustrates the point. One can
also show that, for the present system
at least, the use of the non-Newtonian
power law model throughout the
boundary layer is indeed justified.
Thus, since (8u:/9Y;)}r=0 ~ 1, one can
deduce from Equations (18) that the
shear rate at the surface has a nu-
merical value given by

@ For a curved surface Equation (28) must

be replaced by the more restrictive inequality
”

1
Ngr2+1) Nprintl > 1
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(2 ) N7
_— ~U,—2
ay 1

=0 _
NP M+l
r

which appears to be within the range
of applicability of Equation (1) with n
= 0.78 (8).

2. The modified Prandtl number
Ne. must be large; otherwise the iner-
tia terms in the equations of motion,
Equation (19), cannot be neglected. It
can be shown for example, by compar-
ing the asymptotic solution with exact
numerical computations carried out by
Ostrach (14), that for the flow of a
Newtonian fluid past a vertical flat
plate Equation (27) is fairly accurate
only if Ny, = 10. (Thus the error is
8.1 and 2.6% respectively when N,
= 10 and N, = 100.) Fortunately
however the generalized N,, for non-
Newtonian fluids is usually quite large.

* 8. The fluid properties must be con-
stant, a simplification which may intro-
duce a nonnegligible error in the final
result since most fluid properties are
temperature dependent. This is espe-
cially true of the modified viscosity co-
efficient K. If however one is restricted
to cases where Ng, >> 1 and N, >>
1, it can be shown that the constant
property solution needs to be mddified
only slightly in order to be also applic-
able to this more general problem.

Let all the physical properties, p, K,
s k, 8 be referred to their respective
values in the bulk, and let the dimen-
sionless groups Ng, and N». be defined
in terms of these constant bulk proper-
ties. Therefore if

= 0.5 sec.”™

K
p'E—p—’K'E )CP’Ec,r
P Koo Cry
k
k= -_ = -—B—
kac Bw

all of which are known functions.of
the temperature 4, it is possible to show
that Equations (24) and (25) must
be modified to

14 TR( S + s

o dn d
(29)
and
d( d0) d0[ " df ]
2% N g, =0
W\ g +”"dnfo”dn"
(30)

As was explained earlier the parame-
ters of interest §(0) and f’(0) can be
calculated numerically without too
much difficulty. Again Equation (27)
will apply with the added complication
however that now the parameter 6'(0)
will also be influenced by the functional
dependence of p, K, c,, k, B on the
temperature . Interestingly enough,
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therefore, the general expression for
the Nusselt number given by Equation
(27) will remain unchanged even
when the properties are temperature
dependent, provided that it is multi-
plied by a correction factor, which is
independent of Ng,, Np, and the sur-
face geometry and is a function only
of the particular fluid being used.

4. The final assumption of some im-
portance is that the frictional heat-
generation term in the energy equation
is negligible. This is indeed a permissi-
ble simplification in many problems,
since the velocities usually encountered
in natural convection are rather small,
but of course there are cases where
such an assumption would cause an ap-
preciable error in the calculated rate of
heat transfer. Unfortunately the present
analysis cannot be readily modified to
this more general problem which must
then be investigated by more elaborate
techniques.

NATURAL CONVECTION PAST A
FLAT PLATE AND A HORIZONTAL
CYLINDER

Flow past a vertical flat plate
For a vertical flat plate sin e =1,
and therefore from Equation (27)

o

2n+1)3ﬂ+1
3n+1

Ny, = —8(0) (

1 n -
ECEEY n+l . an+l
Ner Nz, X

It follows that the average Nusselt
number is
2n+1

3n + 1)”"“
2n 4+ 1

NNu = 0,(0) (
1 »
Ngrﬂ(n+1) Np#+1

if the characteristic length L is set
equal to the length of the plate.

Flow past an infinite, horizontal cylinder
For such a surface L = the radius

of the cylinder and sin ¢ = sinx,, so
that
2n + l)ﬁzT
Ny, = —¢(0
! 0 \s +1
WID sin x,)™
NGr N.Pr ( o )

[ j;ﬁ (sin ::c)_;:l;dx]5"{‘1

In the stagnation region (0 < x, = n/6)
sin %, == x,, and therefore

n

on + 2 \™*t
3n + 1

Nyu~ —8'(0) (

1-n

1 n
an+1) m+l . 3041
Ng., Np ™t 2y
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For x, > =/8 it is necessary to evaluate
the integral)_ (sin x)***dx which may
be done conveniently by transferring

it into a tabulated (15) incomplete
Beta function. Thus

For 0 =x, = =/2

I o™ e =
3 M+l dx —_ -
, (sinx) 5

J:l Z (1 —z)™dz

where z = cos® ;.
Fora/2 <xs=nm

~£ (sinx)™dx = /&
(n+1>
r
oan+ 1
n+1 1)
r( 1
2n+1+ 2

'—21 1
Jo' {sin x)™** dx

A plot of Ny./Ng ®*® N,,™** for the
transfer of heat from a cylinder is
shown in Figure 4 for 0 = x, = = and
n = 1/2, 1, and 3/2.

FLOW PAST SURFACES OF
REVOLUTION ABOUT AN AXIS
OF SYMMETRY

It was first discovered by Mangler
(18) that the boundary-layer equa-
tions for the forced-convection flow of

"a Newtonian fluid past a surface of

revolution could be reduced by a co-
ordinate transformation to a set of
equations identical to those for two-
dimensional flow. In this section the
appropriate transformation for free
convection heat transfer to power-law
for non-Newtonian fluids shall be pre-
sented.

For the flow past three-dimensional
surfaces of revolution Equations (2).
and (4) and therefore Equations (19)

~and (21) still apply (5, 11). The con-

tinuity equation must however be
modified to

3 9 _
5 () 5 () =0 (31)

where r(x) is the distance of a point
on the surface from the axis of sym-
metry. A simple transformation which
enables one to reduce this three-dimen-
sional problem to that already solved
is given by

1/ — U, =
T(: )-, u=— X =.’; 71(x1)d'x1

T
(32)

ro=
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TasLE 1. NuMERICAL VALUES OF C FOR VARIOUS SURFACE GEOMETRIES AND 1

n=1/10 n=1/2 n=1 n = 3/2
Flat plate 0.60 0.63 0.67* 0.71
Horizontal

cylinder 0.36 0.38 0.42 0.45
(L = radius)

Sphere
(L = radius) 0.44 0.45 0.49" 0.52
Vertical cone 0.61 0.65 0.71 0.75
Stagnation
region of a 0.36 045 0.54 0.60
horizontal
cylinder
Stagnation 0.45 0.55 0.64 0.70
region of
a sphere

s In exact agreement with the experimental value 0.66 (20).
®In exact agreement with the experimental value 0.49 (5).

It follows that the extension of Equa-
tions (19), (20), and (21) to the
three-dimensional axisymmetric flow is,
respectively

3 ( ous \"

-5;(-8—1;:) + rsine(X) =0
N (83)
ou,  dv, )
—_— =0
0X Y. (34)

a8 __ o6 06 5
*@ = %5(-{- 023_!/2 (35)

and therefore, in view of Equation
(27) and the definition of X

where again ¢’(0), approximately equal
to — 0.54, may be read off Figure 2
as a function of n. Equation (36) is
then the generalization of Equation
(27) for three-dimensional axisym-
metric flows and is applicable to any
surface of revolution. Of course the
average Nusselt number is again given
by Equation (27a), where C must now
be computed by properly averaging the
local Nusselt number over the surface.

As a special case one should consider
natural convection from a sphere. If
the characteristic length is taken equal
to the radius of the sphere, then

sin e = sinx; and r; = sin x,

where, as was explained in the previous
section, the integral in the denominator
can again be expressed in terms of the
tabulated incomplete Beta function.
For the front part of the sphere (x,—
0) Equation (37) can readily be sim-
plified to

1~n
2 31 1 3 1
Narz(rul) NPr n + x1n+ as x, = 0

5n+ 8
3n+1

Ny —¢(0) (

which holds quite accurately in the
range 0 = x, = 7/6. A plot of Nx./
1 n
NgZ# DN, 3@ for the transfer of heat
from a sphere is shown in Figure 5 for
0=x,=nand n=1/2, 1, and 3/2.
On the other hand for natural con-
vection from a vertical cone sin e
constant and 7, = x,. It is easy to see

then that

”n

)8ﬂ+1

5n 4 2

Ny = —0(0) (m

n 1 n

30 +1 2(n +1) sn+1
2** Ng, N»,

and
L (3n+1)3ﬂ+1
.= — 20'(0
Ns o(0) 5n + 2
1 n

NG 2(n +1) NP 3n+1
* r

if the characteristic length L is set
equal to the length of the cone.

. ,  Therefore ., CONCLUDING REMARKS
el TamaD Gn+i wmeD . , . .
Nyu=—(0) ( nt 1 ) ' N, Ny, =—¢(0) (2n +1 )a N The theoretical considerations of this
3n +1 re 3n + 1 er paper show that in laminar natural
convection heat transfer to power-law
n 1 n n+ 1 . .
ey Y v+ ey . Py non-Newtonian fluids the local Nusselt
N, (ry" sin ¢) N, (sin x,) number is given by
AT "9 § 1 " ’ e sn+2 . _n
[ j‘: 1.12'4-1 (Sln e)21”‘1 dxl]sn+1 [ f (SiIl x1)2n+1 dxl]an+1 21'1/ + 1 Sn+1 1
o 2(n +1)
Ny. = — 6°(0) N
(36) (37) 3n 4 1
07 0.7
AN ~ P
N \ .L ~. o
°° T~ = o N —_— e
%\ =3 .‘ ——— i,
05 e e —+ ; 05 -
. /’ \ﬁ\ i // \ ‘
=,=t V. '.z; 1/ S
Zo4t—r N = o4 ; X
£ |/ i £ | N\
“s03H. AN 503l \\\
0 N % \
z N, z \ §.
62 AN 02 \
\ W\,
ol ‘\ [oX] \ )
00 20 40 60 ANGLSE‘OJN Dli?gREES 120 140 160 180 ° [¢] 20 40 GOANGLEOIN DElggEES 120 140 160 180

Fig. 4. The variation of the local rate of heat transfer along

the surface of a horizontal cylinder.
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Fig. 5. The variation of the local rate of heat transfer along

the surface of a sphere.
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n 1
(rln Sin €)2n+1

s s A Y
[‘1)‘ r]‘.’n+1 (Shl e)2n+1 dxl]:’"“
where ¢'(0) is a relatively insensitive
function of n to be read off Figure 2
and where, for the purposes of this
analysis, a fluid should be considered
non-Newtonian only if the shear rate
at the surface has a numerical value
which is clearly within the region of
applicability of the power-law given by
Equation (1). .

This expression for the local Nusselt
number, which even for Newtonian
fluids (n = 1) does not appear to
have been derived before, is obtained
from the exact asymptotic solution of
the appropriate laminar boundary-
layer equations and is applicable to
any two-dimensional surface or a sur-
face of revolution about an axis of sym-
metry. It is valid for all values of the
non-Newtonian index parameter n and

should be used when, as is usually the
1 m

case, N¢,"** Np™** > 10, Ng > 10,
and when the physical properties of
the fluid may be assumed constant. It
can also be modified, in those instances
where the transfer occurs in a variable
property fluid, by calculating ¢'(0)
from the solution of Equations (29)
and (30); so that the formula for Ny,
shown above will still apply if it is
multiplied by a correction factor which
is independent of Ng,, N». and the sur-
face geometry and is a function only of
the particular fluid in question.

On the other hand the average Nus-

selt number Ny, is given by

1

n
NNu —_ C NG'2(1»+1) NPra“+1

where the constant C may readily be
calculated by integrating the expression
for the local Ny, over the surface.
Thus it would be expected that C
would depend not only on the surface
geometry but also on n. Surprisingly
enough however numerical computa-
tions carried out for six surfaces and
reported in Table 1 clearly show that
C is only slightly affected by the value
of n in the range 1/10 = n = 3/2
which includes most of the power-law
fluids of interest, and that furthermore
exactly as with Newtonian fluids (7)
it is rather insensitive to changes in the
surface geometry. It is concluded
therefore that, under the conditions
stated earlier, average rates of heat
transfer in laminar free convection may
be computed with good accuracy from
the expression

1 n
NIV — C NG 2(n +1) NP n+1
v T -

where the constant C (approximately
equal to 0.55) is only weakly depend-

Page 590

ent on the geometry of the surface and
the numerical value of n.
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NOTATION

C = proportionality constant in-
troduced in Equation (27a)
specific heat per unit mass
tunction introduced in Equa-
‘tion (22)

acceleration due to gravity
thermal conductivity
parameters of the power-
model, Equation (1)
characteristic length

2Ln+2 v— T 2-n
p [ﬁg(zz T.)]  the

generalized Grashof number
= Nusselt number

e, [ KNCF T
Z (—-) L [LBg(T,
P

sn+1)
—T,)1***™, the generalized
Prandtl number
r/L where r is the distance
of a point on the surface
from the axis of symmetry
temperature
temperature of the surface
temperature of the bulk of
the fluid
characteristic velocity
velocity component along x
dimensionless velocity com-
ponent defined by Equation
(18)
dimensionless velocity com-
ponent defined by Equation
(18)
dimensionless velocity com-
ponent defined by Equation
(32)
v = velocity component along y
v, dimensionless velocity com-
ponent defined by Equation
(13)
dimensionless velocity com-

It

[T

Il

&
I

o
1

=N
[ [

I

S

FrQ
I

I

ponent defined by Equation -

(18)

distance along the surface
from the leading edge
dimensionless distance x/L
dimensionless . distance de-
fined by Equation (32)
distance normal to the sur-
face

dimensionless distance y/L

A.1.Ch.E. Journal

Y = dimensionless distance de-
fined by Equation (18)

Greek Letters

B = expansion coeflicient of the
fluid defined by Equation
(5)

r = gamma function

€ = angle between the normal to
the surface and the direction
of the force of gravity (see
Figure 1)

vl = similarity variable defined by
Equation (23)

o = dimensionless  temperature
T—T.,
T,—T,

p = density

T = the shear stress
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